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SUMMARY
• QUANTUM RANDOM NUMBER GENERATOR based on violation of a free version of CHSH-3 expression, using Qutrits.
• Maximal quantum violation based security and Maximal entropy guaranteed under self-testing hypothesis

ORIGINAL CHSH-3
Requirement
• 2 parties (A and B) and 2 measurements per party
• Measurements Ai commute with Bj ; their dimension is d=3

Classical world inequality [1, 2, 3]

I3 = P (A1 = B1) + P (A2 = ω2B1) + P (A2 = B2) + P (A1 = B2)

− P (A1 = ω2B1)− P (A2 = B1)− P (A2 = ω2B2)− P (A1 = ωB2)

≤ 2

(1)

Specification
• Not defined when observables Ai do not commute with Bj

• Quantum upper bound [4]: 1 +
√
11/3 ≈ 2.9149

• Algebraic upper bound : 4

FREE CHSH-3
Requirement

• 4 measurements with no constraints of parties
• Measurements do not necessarily commute; their dimension
d ≥ 3

Classical world inequality: decomposition of (1) using projectors

〈φ|X1,1X3,1 +X1,1X4,1 −X1,1X3,ω −X1,1X4,ω2 +X1,ωX3,ω

+X1,ωX4,ω −X1,ωX3,ω2 −X1,ωX4,1 +X1,ω2X3,ω2 +X1,ω2X4,ω2

−X1,ω2X3,1 −X1,ω2X4,ω +X2,1X3,ω +X2,1X4,1 −X2,1X3,1

−X2,1X4,ω +X2,ωX4,ω +X2,ωX3,ω2 −X2,ωX3,ω −X2,ωX4,ω2

+X2,ω2X3,1 +X2,ω2X4,ω2 −X2,ω2X3,ω2 −X2,ω2X4,1|φ〉 ≤ 2

(2)

Specification:
• Defined for non commuting observables.
• Quantum upper bound (using SDP) : 4
• Algebraic upper bound : 24

OPTIMAL QUANTUM STATE AND MEASUREMENT FOR FREE CHSH-3
Optimal state and projectors obtained by SDP in the spirit of [5] :

4 operators of dimension d = 3 acting on one party prepared in the optimal state |φ∗〉 = 1√
3

1
1
1

;

Projectors’ vectors |x1,1〉, |x1,ω〉, |x1,ω2〉, |x2,1〉,...,|x4,ω2〉 are given by the column of the matrix
√
3
9

 3 0 0 0 3 0 2 −1 2 2 2 −1
0 3 0 0 0 3 2 2 −1 −1 2 2
0 0 3 3 0 0 −1 2 2 2 −1 2


Observables: X∗i = 1 · |xi,1〉〈xi,1|+ ω · |xi,ω〉〈xi,ω|+ ω2 · |xi,ω2〉〈xi,ω2 |.

X∗1 = Z =

 1 0 0
0 ω 0
0 0 ω2

 ; X∗2 =

 ω 0 0
0 ω2 0
0 0 1

 ; X∗3 = 1
3

 −ω 2 2ω2

2 −ω2 2ω
2ω2 2ω −1

 ; X∗4 = 1
3

 −ω2 2ω 2
2ω −1 2ω2

2 2ω2 −ω


Remark : X∗1 commute with X∗2 . The same for X∗3 and X∗4 . Measurement of |φ∗〉 by X∗i gives 1 or ω or ω2 with probability 1/3

PROTOCOL EXECUTION
Repeat several times the next steps
1) Prepare a qutrit in the state |φ∗〉. Select randomly a couple of measurement (X∗i , X

∗
j ); i, j ∈ {1, ..., 4}. (use public randomness source as

that of the NIST)

2) If i, j ∈ {1, 2} or i, j ∈ {3, 4} (the chosen measurements commute) then measure the state |φ∗〉 with X∗i and return the random trit
ωk, k ∈ 0, 1, 2. Measurement of |φ∗〉 by X∗i gives 1 or ω or ω2 with probability 1/3 thus an min-entropy of 1 trit

2’) Else, measure the state |φ∗〉 using X∗j . Then collect the obtained state |xj,ωk〉 and measure it using X∗i . The obtained state is |xi,ω`〉.
Then return the tuple (" |xj,ωk〉", "|xi,ω`〉") for the evaluation of Bell quantity (2)

SECURITY AND SELF TESTING ARGUMENTS
One evaluate Free CHSH-3 expectation using outcomes of step 2’. If this expectation is not equal to quantum bound 4, the protocol is not valid.

In self-testing hypothesis, non malicious but error prone device, we guaranteed that, obtaining the maximal Bell value 4 is equivalent to the fact
of obtaining maximal min entropy
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